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D-MODULES ON 1|1 SUPERCURVES
MITCHELL J. ROTHSTEIN AND JEFFREY M. RABIN
Abstract. It is known that to every (1|1) dimensional supercurve
X there is associated a dual supercurve Xˆ , and a superdiagonal
∆ ⊂ X × Xˆ. We establish that the categories of D-modules on X ,
Xˆ and ∆ are equivalent. This follows from a more general result
about D-modules and purely odd submersions. The equivalences
preserve tensor products, and take vector bundles to vector bun-
dles. Line bundles with connection are studied, and examples are
given where X is a superelliptic curve.
1. Introduction
Super Riemann surfaces, the analogue of Riemann surfaces in the
category of supermanifolds, have been extensively studied since their
introduction in the context of superstring theory [4, 6, 9, 13]. They are
supercurves of dimension (1|1) satisfying an additional “superconfor-
mal” constraint which allows one to identify irreducible (Weil) divisors
with points. The study of more general supercurves X , without the
constraint, began in earnest with the paper [5], where it was observed
that the irreducible divisors on X can be identified with points of a
dual supercurve, Xˆ , having the same underlying topological space, and
that the dual of Xˆ is again X . Furthermore, there is a distinguished
(1|2)-dimensional submanifold,
∆ ⊂ X × Xˆ
(the “superdiagonal”), which exhibits Xˆ as the family of irreducible
divisors on X and vice versa. Supercurves, and their duality, were later
seen in [3] to play an important role in the study of super analogues of
the KP-hierarchy. In that paper the main objects of study were Pic(X)
and Pic(Xˆ).
In this paper we explore the categories of D-modules over X , Xˆ and
∆. We find in section 4 that in fact the three categories DX -mod, DXˆ-
mod and D∆-mod are equivalent. This follows from a more general
statement in section 2, about D-modules and purely odd submersions.
Section 3 provides a review of supercurve duality. The equivalence of
categories is further explored in sections 5–7, where explicit formulas
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in local coordinates are given. Section 8 describes the direct image of a
trivial vector bundle with connection, and section 9 specializes this to
line bundles. Section 10 illustrates our results with explicit examples
for the case of super elliptic curves, i.e., supercurves of genus one.
Throughout the paper we work in the category of supermanifolds
over a fixed superscheme S over C. By supermanifold we mean a
smooth morphism Z → S, and by dimension we mean the relative
dimension. Though most of the results in this paper are valid for
arbitrary S, we will avoid notational complications by assuming that
S = Spec(Λ), where Λ is a finite-dimensional nilpotent extension of C.
Except as noted, the results are valid in both the Zariski and complex
topologies.
2. D-modules and purely odd submersions
Let σ : Z → W be a smooth morphism of smooth superschemes
over S. Let DZ denote the sheaf of linear differential operators on OZ .
Then a DZ-module is a sheaf F of OZ-modules equipped with a flat
connection
∇ : ΩZ ⊗F → ΩZ [1]⊗ F
where ΩZ is the sheaf of differential one-forms relative to S, and ΩZ [1]
denotes ΩZ with a degree shift. (For background on D-modules, see
[1, 2].) One has direct and inverse image functors for D-modules. The
inverse image of a DW -module F has σ∗(F) as its underlying OZ-
module. The direct image is, in general, defined in the derived category.
Assume now that σ is a submersion. Then there is an underived
version of the direct image, defined as follows. Let TZ denote the
tangent sheaf of Z and let Tσ ⊂ TZ denote the vertical tangent sheaf.
Then we have an exact sequence
0→ Tσ → TZ → σ
∗(TW )→ 0
The direct image functor
σ+ : DZ-mod→ DW -mod
is defined by
σ+(F) = σ∗(ann(Tσ)) (2.1)
where ann denotes annihilator.
Say that the submersion σ : Z → W is purely odd if the fibers have
dimension (0|n) for some n. The key observation in the paper is the
following result.
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Theorem 1. Let σ : Z → W be a purely odd submersion. Then the
categories of D-modules on Z and W are equivalent. Specifically, the
functors σ∗ and σ+ are inverse equivalences.
Proof. To simplify the notation, note that Z and W share the same
underlying topological space. If G is a DW -module, then G maps nat-
urally to σ∗(G). A computation in local coordinates easily shows that
this map is injective, and that the image of G is precisely σ+σ∗(G).
If F is a DZ-module, then σ+(F) ⊂ F , and we have a natural map
OZ ⊗OW σ+(F) = σ
∗σ+(F)→ F
The fact that this map is an isomorphism follows from the purely al-
gebraic lemma stated below. 
Lemma 2. Let R = R0 ⊕R1 be a Z2-graded ring. Let
Q = R[θ1, ..., θn, ∂1, ..., ∂n]
where the θi’s are free supercommuting odd variables, ∂i = ∂/∂θi, and
the θ’s and ∂’s supercommute with R. Then the categories Q-mod and
R-mod are equivalent. Specifically, the following functors are inverses:
Q-mod ∋M 7→ M∗ = ann(∂1, ..., ∂n) (2.2)
R-mod ∋ N 7→ N∗ = R[θ1, ..., θn]⊗R N (2.3)
The statement that the natural homomorphism
(M∗)
∗ ≃ M
is an isomorphism is equivalent to the statement that every A ∈M has
a unique expansion
A =
∑
µ
Aµθ
µ , Aµ ∈M∗ (2.4)
where µ = (µ1, . . . , µn) is a multiindex of 0’s and 1’s.
Proof. It is easy to see that for all R-modules N , N ≃ (N∗)∗.
For the other direction, one has the natural map
R[θ1, . . . , θn]⊗R M∗ →M (2.5)
which is an isomorphism if and only if formula (2.4) is valid. We prove
(2.4) by induction on n. For n = 1, let A ∈M . Then the decomposition
is given by
A0 = A− θ1∂1A (2.6)
A1 = ∂1A (2.7)
For the uniqueness, apply ∂1 to both sides of the equation
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A = A0 + θ1A1
If n > 1, write
R[θ1, ..., θn, ∂1, ..., ∂n] = R[θ2, ..., θn, ∂2, ..., ∂n][θ1, ∂1]

Proposition 3. Let σ : Z →W be a purely odd submersion. Then σ+
is exact, and preserves tensor products. It takes DZ-modules that are
locally free as OZ-modules to locally free OW -modules, and preserves
rank.
Proof. The first part follows immediately from theorem 1. Since the
proposition is local, we may assume for the second part that we have a
flat connection on the trivial bundle of rank p|q, i.e., Op|qZ . Let the fiber
dimension of σ be 0|n, and let θ1, ..., θn be a set of fiber coordinates.
Let I ∈ glp|q(OZ) denote the identity matrix. Then we have a unique
decomposition
I =
∑
µ
Aµθ
µ
where, for all i, ∇θiAµ = 0. Let A = A(0,...,0). Then A is an invertible
matrix. Thus the columns of A lie in σ+(O
p|q
Z ) and form a basis for
Op|qZ . If ψ ∈ σ+(O
p|q
Z ), then there is a unique vector φ ∈ O
p|q
Z such
that ψ = Aφ. Then 0 = ∇θi(Aφ) = A∂θiφ, whence the entries of φ
belong to OW . Thus the columns of A form a basis for σ+(O
p|q
Z ) as an
OW -module. 
Remark 4. The standard result in the commutative setting, that a D-
module is locally free of finite rank as an O-module if and only if it is
coherent as an O-module [1, 2], holds in the supercommutative setting
as well.
3. Supercurves and their duals
By definition, a supercurve is a supermanifold of dimension (1|n) for
some n ≥ 1. Let X be a supercurve of dimension (1|1). Then there
is a dual (1|1)-dimensional supercurve Xˆ constructed as follows [5, 3].
Define
∆X = Proj(ΩX)
pi
→ X (3.1)
Thus, if (z, θ) are local coordinates on an open set U , ΩX(U) is the
polynomial algebraOX(U)[dθ, dz], with dθ even and dz odd. In the proj
construction, dθ, dz are taken as homogeneous coordinates, of which
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only dθ may be inverted. Thus, on π−1(U) one has the local coordinate
system
(z, θ, ρ), (3.2)
where
ρ = dθ−1dz . (3.3)
In particular, ∆X has relative dimension (1|2) over S.
The exterior derivative d is an odd derivation of degree one:
d : ΩX → ΩX [1] .
By the standard sheaf construction [8], one obtains an odd derivation
d˜ : O∆X → O∆X (1) . (3.4)
Note that dθ is a trivialization of O∆X (1). Then we have the formula
d˜ = dz ∂z + dθ ∂θ = dθ(ρ∂z + ∂θ) . (3.5)
The dual curve, Xˆ, has the same topological space as X , with structure
sheaf
OXˆ = ker(d˜) . (3.6)
Let
u = z − θρ .
Then d˜ρ = d˜u = 0. Furthermore, (u, ρ, θ) is a local coordinate system
on ∆X , and one checks that (u, ρ) is a local coordinate system on Xˆ.
In particular, Xˆ is a family of smooth (1|1)-supercurves over S. It is
known [3] that ∆X and ∆Xˆ are naturally isomorphic, as superschemes
over Xˆ . On the level of structure sheaves, the isomorphism is given in
local coordinates by
O∆
Xˆ
→ O∆X
u 7→ z − θρ (3.7)
ρ 7→ ρ (3.8)
dρ−1du 7→ θ (3.9)
Then O ˆˆ
X
appears as a subsheaf of O∆X , and one checks that this sub-
sheaf coincides with the image of OX . Thus,
ˆˆ
X is naturally isomorphic
to X . In local coordinates, the isomorphism is given by
u− ρ
du
dρ
7→ z (3.10)
dρ−1du 7→ θ (3.11)
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One should view ∆X ∼= ∆Xˆ (denoted simply ∆ in the sequel) as the
“superdiagonal” in X × Xˆ defined by the equation z − u− θρ = 0.
4. Equivalences of categories
Theorem 5. The categories DX-mod, DXˆ-mod and D∆-mod are equiv-
alent.
Proof. The maps π : ∆ → X and πˆ : ∆ → Xˆ are purely odd submer-
sions, so the result follows from theorem 1. 
For F a DX -module, define
Fˆ = πˆ+π
∗(F) (4.1)
Then we have a canonical isomorphism
ˆˆF ≃ F , by theorem 5.
Example 6. By definition, OˆX = OXˆ .
Example 7. Consider DX as a left DX-module. We have
π∗(DX) = Diff(OX ,O∆) .
Then a germ L ∈ Diff(OX ,O∆) belongs to DˆX if and only if
d˜ ◦ L = 0
where d˜ is as in (3.4). We therefore have
DˆX = Diff(OX ,OXˆ)
which is to say, differential operators from OX to O∆ that factor
through the inclusion OXˆ → O∆.
5. Local description
Let U ⊂ X be an open set, with coordinates (z, θ). Let (u, ρ) be the
corresponding coordinates on Xˆ. Then we get an isomorphism
OX |U
Ψ(z,θ)
−→ OXˆ |U (5.1)
sending z → u and θ → ρ. That is,
Ψ(z,θ)(f(z) + θg(z)) = f(z − θρ) + ρg(z − θρ) (5.2)
= f(z) + ρ(θ∂zf + g) (5.3)
The isomorphism Ψ(z,θ) extends to an isomorphism
Ψ(z,θ) : DX |U
∼
→ DXˆ |U
sending ∂z 7→ ∂u and ∂θ 7→ ∂ρ. This identification allows one to re-
gard every DX |U -module as a DXˆ |U -module (in a coordinate-dependent
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way). If F is a DX |U -module, let F (z,θ) denote F itself, regarded as a
DXˆ |U -module. Notice that equation (5.3) can be written
Ψ(z,θ)(h) = (1− θ∂θ + ρ(θ∂z + ∂θ))(h) (5.4)
where h = f + θg. This suggests the following definition.
Definition 8. Let
τ (z,θ) = 1− θ∇θ + ρ(θ∇z +∇θ) (5.5)
(Here it is understood that one has a DX |U-module F , and τ (z,θ) acts
on π∗F .)
Theorem 9. Let F be a DX |U -module. Then τ (z,θ) gives an isomor-
phism
τ (z,θ) : F (z,θ)
∼
→ Fˆ (5.6)
Proof. Let us establish first that τ (z,θ) gives a bijection F → Fˆ . In
(z, θ, ρ) coordinates, Tpˆi is generated by
D = ρ∂z + ∂θ (5.7)
Sections of π∗F may be uniquely written in the form φ = P + ρQ,
where P and Q are sections of F . Then φ ∈ Fˆ if and only if ∇Dφ = 0,
that is,
∇θP + ρ(∇zP −∇θQ) = 0 . (5.8)
Set P = P0+ θP1 and Q = Q0 + θQ1, where ∇θ annihilates Pi and Qi.
Then equation (5.8) reads
P1 + ρ(∇zP0 + θ∇zP1 −Q1) = 0 . (5.9)
That is,
P1 = 0 , ∇zP0 = Q1 . (5.10)
Then
φ = P0 + ρ(Q0 + θ∇zP0) = τ
(z,θ)(P0 + θQ0) . (5.11)
Since φ = 0 if and only if P0 = Q0 = 0, τ
(z,θ) is bijective.
It remains to prove that for all M ∈ DX |U and all A ∈ F ,
τ (z,θ)(MA) = Ψ(z,θ)(M)τ (z,θ)(A) (5.12)
We leave it to the reader to check this when M ∈ OX . It remains to
check equation (5.12) when M is a partial derivative. To distinguish
between partial derivatives in the (z, θ, ρ) coordinate system and the
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the (u, ρ, θ) coordinate system, we will denote the latter by ∂ˆu, etc..
We also write ∇ˆu, etc.. We then have
∇ˆu = ∇z (5.13)
∇ˆρ = ∇ρ − θ∇z (5.14)
∇ˆθ = ∇θ − ρ∇z (5.15)
(These operators are acting on π∗F .) Then
∇ˆuτ
(z,θ) = ∇zτ
(z,θ) = τ (z,θ)∇z
We also have
∇ρτ
(z,θ) = τ (z,θ)∇ρ +∇θ + θ∇z
Then
∇ˆρτ
(z,θ) = τ (z,θ)∇ρ +∇θ + ρθ∇z(∇θ + θ∇z) = τ
(z,θ)∇ρ + τ
(z,θ)∇θ
The result follows, since one is applying this operator to the kernel of
∇ρ. 
Theorem 9 provides a Cˇech description of the functor F → Fˆ . Cover
X by coordinate charts (Ui, zi, θi). Then OXˆ may regarded as OX glued
to itself by transition automorphisms Di,j = Ψ
(zi,θi)−1Ψ(zj ,θj). Then
Di,j is a differential operator, so it can be applied to an arbitrary DX-
module F . Then theorem 9 shows that Fˆ is F glued to itself by the
cocycle Di,j.
6. Projected and injected supercurves
A projected supercurve over S, [3], is a submersion σ : X → X0 of
smooth superschemes over S, where X and X0 have relative dimension
(1|1) and (1|0) over S, respectively. With the same assumptions on X
and X0, an injected supercurve over S is an immersion ι : X0 → X .
Let σ : X → X0 be a projected supercurve. By theorem 1, the
categories DX-mod and DX0-mod are equivalent. The following result
is proved in [10]. For the reader’s convenience we give a proof here.
Proposition 10. Fix a smooth curve X0/S. Then the category of
projected supercurves σ : X → X0 is equivalent to the category of
injected supercurves ι : X0 → X. The equivalence is given by X 7→ Xˆ.
Proof. Let σ : X → X0 be a projected supercurve. Then we have
OX0 ⊂ OX . Let (z, θ) and (w, η) be two local coordinate systems on
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an open subset, such that z, w ∈ OX0 . Let ρ = dθ
−1dz, λ = dη−1dw.
Writing w = f(z) and η = θg(z) + Λ(z), we have
λ =
ρf ′(z)
ρ(θg′(z) + Λ′(z)) + g(z)
(6.1)
=
ρf ′(z)
g(z)
(6.2)
Thus we have a globally defined ideal I ⊂ O∆, spanned locally by ρ.
It is easily seen that we have an exact sequence
0→ I → O∆
α
→ OX → 0
Consider the restriction of α to OXˆ . Write a section of O∆ as A+ ρB,
A,B ∈ OX . According to equation (5.8), A + ρB ∈ OXˆ if and only
if ∂θA = 0, ∂zA = ∂θB. In particular, A ∈ OX0 . Furthermore, for all
A ∈ OX0 , we have A + ρθ∂zA ∈ OXˆ . Thus, α restricts to a surjection
OXˆ → OX0 , or equivalently, an immersion X0 → Xˆ .
Conversely, let ι : X0 → X be an injected supercurve. Let J denote
the kernel of the corresponding surjection ι∗ : OX → OX0 . Let U be
an open set sufficiently small that J |U is generated by an odd section
θ. Then dθ trivializes O∆(1)|U . We get a homomorphism of sheaves of
rings,
OX |U → OXˆ |U (6.3)
f 7→
d(θf)
dθ
= f − θ
df
dθ
(6.4)
(This is the piece of τ (z,θ) that doesn’t depend on a choice of z.) Let η
be another generator of J |U , and let η = gθ, where g ∈ O∗X(U). Then
d(ηf)
dη
= f − gθ
df
gdθ − θdg
(6.5)
= f − gθ
df
gdθ
=
d(θf)
dθ
(6.6)
Thus we have a globally defined homomorphism of sheaves of rings,
ν : OX → OXˆ (6.7)
If we now extend θ to a coordinate system (z, θ), then
ν(f(z) + θg(z)) = f + ρθ∂zf
Thus the kernel of ν is J , and we have produced an injection
OX0 → OXˆ

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With X and X0 as above, let σ : X → X0 be a projected supercurve
with corresponding injected supercurve ι : X0 → Xˆ . We then have two
functors DX-mod→ DX0-mod,
F 7→ ι∗(Fˆ) (6.8)
F 7→ σ+(F) (6.9)
Proposition 11. The functors (6.8) and (6.9) are naturally isomor-
phic.
Proof. Let F be a DX-module. Formula (6.4) can be used on F , to
give a globally defined map
ν : F → Fˆ (6.10)
φ 7→
∇(θφ)
dθ
(6.11)
Restrict ν to σ+(F) and follow it with the pullback map Fˆ → ι∗(Fˆ)
to obtain the desired isomorphism. 
7. Split Supercurves
Continuing with X and X0 as above, X is said to be split over X0 if
there is a locally free rank-one sheaf L of OX0-modules such that the
structure sheaf of X is OX0 ⊕L. This is equivalent to the existence of
both a submersion σ : X → X0 and an immersion ι : X0 → X , such
that σ ◦ ι = id. Then by proposition 10, Xˆ is also split over X0, with
the line bundle in question being the Serre dual of the original. Then
by theorem 1, we can identify the categories DX -mod and DXˆ-mod
with DX0-mod.
Proposition 12. Let X be split over X0. Under the equivalences
DX0-mod
∼= DX-mod , DX0-mod
∼= DXˆ-mod
the transform F → Fˆ reduces to the identity functor on DX0−mod.
Proof. Given the submersion σ : X → X0 and immersion ι : X0 →
X , it is easy to check that the two functors σ+ and ι
∗ are naturally
isomorphic. Let G be a DX0-module and write G = σ+(F). Then the
functor we are considering sends G to σ+(Fˆ). We have
σ+(Fˆ) ∼= ι
∗(F) ∼= σ+(F) ∼= G

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8. Direct image of the trivial bundle with connection
Returning now to the purely odd submersion σ : Z →W , consider a
connection d+ω on the trivial bundle Op|qZ . Here ω is a one-form with
values in glp|q(OZ), satisfying the zero-curvature condition
dω + ω ∧ ω = 0 (8.1)
According to proposition 3, σ+(O
p|q
Z , d+ω) is a locally free OW -module,
of rank p|q. It is natural to ask for a description of this OW -module.
The one-form ω restricts to a relative flat connection form on the
fibers of σ. Denote this restriction by ωσ.
Let Sp|q denote the sheaf of flat connection forms on Z and let Sp|qσ
denote the sheaf of relative flat connection forms. Let dσ denote the
relative differential. The sheaf Glp|q(OZ) maps to S
p|q
σ by
A 7→ −dσA ·A
−1 (8.2)
For a superscheme Z, let NZ ⊂ OZ denote the sheaf of nilpotents.
Proposition 13. The sheaf of subgroups I+glp|q(NZ) maps surjectively
to Sp|qσ .
Proof. Let I denote the (p+q)×(p+q) identity matrix. Let θ1, ..., θn be
fiber coordinates on an open set U ⊂ Z. Decompose I as in equation
(2.4).
I =
∑
µ
θµAµ
where (d+ ω)σ(Aµ) = 0. In particular,
− (dσA0)A
−1
0 = ωσ (8.3)
Furthermore, the proof of lemma 2 shows that
A0 =
n
Π
i=1
(1− θi∇θi)(I) ∈ I + gl
p|q(NZ)

If we regard Sp|qσ as a sheaf of pointed sets, where the 0 one-form is
the distinguished point, then the kernel of the map (8.2) is the sheaf
Glp|q(OW ). We therefore have a connecting homomorphism
H0(Z,Sσ)→ H
1(W, I + glp|q(NW )) (8.4)
(Z and W share the same topological space.)
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Corollary 14. Let F be a DZ-module with underlying OZ-module Op|q
and connection one-form ω. Regarding σ+(F) simply as a vector bun-
dle, its class belongs to H1(W, I + glp|q(NW )), and that class is the
image of ωσ under the connecting homomorphism (8.4).
Proof. With the notation as in proposition 13, the columns of A0 form
a basis for σ+(F)|U . The result then follows from equation (8.3). 
9. Line bundles with connection
Here we apply the results of the previous section to the transform
of the trivial bundle with connection on X . Thus, we choose an odd,
closed one-form ω on X , and consider the DX-module OωX = (OX , d+
ω).
Let Ω1X,cl denote the sheaf of closed one-forms. Recall that the map
d˜ takes values in the sheaf O∆(1). Furthermore, O∆(1) = Ω1X .
Lemma 15. The image of d˜ lies in Ω1X,cl.
(The next lemma implies that it is in fact all of Ω1X,cl.)
Proof. Let (z, θ) be local coordinates on a neighborhood U ⊂ X . Let
f ∈ O∆(U). Then there is a one-form ω ∈ Ω1X such that f =
ω
dθ
. Write
dω = dθ ∧ α, α ∈ Ω1X . Then d˜f = α. Furthermore, 0 = d
2ω = dθ ∧ dα.
We can cancel dθ, so dα = 0.

Lemma 16. The map d˜ : N∆ → Ω1X,cl is surjective.
Proof. Let α ∈ Ω1X,cl. Then θ
α
dθ
∈ N∆ and d˜(θ
α
dθ
) = α. 
Remark 17. Lemmas 15 and 16 imply the slightly weaker statement
that there is an exact sequence
0→ OXˆ → O∆
d˜
→ Ω1X,cl → 0 (9.1)
On the other hand, it is known [3] that the quotient of O∆ by OXˆ is
the Berezinian sheaf, BerO
Xˆ
. We therefore have the corollary
Corollary 18. Ω1X,cl ≃ BerOXˆ as OXˆ-modules.
This result seems to be new in this generality, although it is known for
super Riemann surfaces where X = Xˆ [7, 13].
By lemmas 15 and 16 we have an exact sequence
0→ (NXˆ)0 → (N∆)0
d˜
→ (Ω1X,cl)1 → 0 (9.2)
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Theorem 19. Let ω be an odd, closed one-form on X. Let cω de-
note the image of ω in H1(Xˆ,NXˆ)0 under the connecting homomor-
phism. Regarding ÔωX simply as a line bundle, its class in H
1(Xˆ,O∗
Xˆ
)
is exp(cω).
Proof. Pull ω back to ∆, giving the line bundle with connection Opi
∗ω
∆ .
Let (z, θ) be a local chart on a neighborhood U ⊂ X . Following the pre-
scription in the proof of corollary 14, decompose the constant function
1 ∈ O∆ as
1 = φ0 + ρφ1
where ∇ˆθ(φi) = 0. Then ÔωX is trivialized on U by φ0. We have
∂ˆθ =
1
dθ
d˜. Then
φ0 = 1− θ∇ˆθ(1) (9.3)
= 1−
θ
dθ
∇θ(1) = 1−
θω
dθ
(9.4)
= exp(−
θω
dθ
) (9.5)
Furthermore,
d˜(
θω
dθ
) =
d(θω)
dθ
= ω (9.6)

Let us also note the following special case of corollary 14.
Theorem 20. Let σ : X → X0 be a projected supercurve. Then
1. The sequence
0→ NX0 → NX
d
→ Ω1X/X0,cl → 0 (9.7)
is exact, where d is the relative differential.
2. Let ω be an odd, closed one-form on X. Let ω′ ∈ Ω1X/X0,cl denote
the image of ω under the natural map Ω1X → Ω
1
X/X0
. Let cω denote
the image of ω′ in H1(X0,NX0)0 under the connecting homomorphism.
Then the class of σ+(OωX) in H
1(X0,O∗X0) is exp(cω).
Our final result along these lines is a refinement of theorem 19 in the
case that OωX is the pullback of the trivial bundle with connection on
X0.
Theorem 21. Let σ : X → X0 be a projected supercurve. Let I ⊂ OXˆ
denote the ideal sheaf of X0 in Xˆ with respect to the corresponding
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imbedding, ι : X0 → Xˆ. Identify Ω1X0 as a subsheaf of Ω
1
X by pullback.
Then
1. The sequence
0→ I → IOX
d˜
→ Ω1X0 → 0 (9.8)
is exact.
2. Let ω be an odd one-form on X0. (Note that ω is necessarily
closed for reasons of dimension.) Let cω denote the image of ω in
H1(Xˆ, I)0 under the connecting homomorphism. Then the class of ÔωX
in H1(Xˆ,O∗
Xˆ
) is exp(cω).
Proof. In (z, θ) coordinates onX , I is generated by ρ. Writing a section
of IOX as ρg(z, θ), we have d˜(ρg) = dz
∂g
∂θ
, which shows that the image
of IOX under d˜ is precisely Ω
1
X0
. The kernel is (IOX) ∩ OXˆ , which
must be shown to coincide with I. One inclusion is obvious. For
the other inclusion, take ρg ∈ IOX . Then d˜(ρg) = 0 if and only if
∂g/∂θ = 0, which is to say g ∈ OX0 . Then τ
(z,θ)(g) = g + ρθ ∂g
∂z
. Thus
ρg = ρτ (z,θ)(g) ∈ I. This completes the proof of statement 1.
Statement 2 follows as in theorem 19. 
9.1. Invertible sheaves in the complex topology. In this subsec-
tion, we work in the complex topology, where the Poincare´ lemma is
available. Then the group of invertible sheaves on X equipped with
a flat connection is the group H1(X,Λ∗). This group sees only the
topology of X , and is therefore canonically isomorphic to H1(Xˆ,Λ∗).
In this way, an invertible sheaf with connection on X induces an in-
vertible sheaf with connection on Xˆ , by taking the same (constant)
transition functions.
Proposition 22. The identification of invertible sheaves with connec-
tion on X and invertible sheaves with connection on Xˆ given by πˆ+π
∗
coincides with the identity map on H1(X,Λ∗).
If σ : X → X0 is a projected supercurve, then the identification
of invertible sheaves with connection on X and invertible sheaves with
connection on X0 given by σ+ also coincides with the identity map on
H1(X,Λ∗).
Proof. We are given an invertible sheaf L onX with local trivializations
φi on open sets Ui, such that there are constants ci,j ∈ Λ∗, such that
φi = ci,jφj. The connection is then defined by the condition that
∇(φi) = 0. Letting (zi, θi) be a coordinate system on Ui, the local
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trivializations for Lˆ are τ (zi,θi)(φi). By equation (5.5), τ (zi,θi)(φi) = φi,
so the transition functions are identical.
The proof of the second assertion is the same. 
10. Super elliptic curves
We illustrate the results of the previous section with a simple but
nontrivial set of examples: super elliptic curves, i.e., supercurves of
genus one [12]. Let C1|1 be the trivial family of supercurves Spec(Λ[z, θ])
over S = Spec(Λ). Let X be the quotient of C1|1 by the discrete group
G ∼= Z×Z generated by the commuting morphisms T (z, θ) = (z+1, θ)
and S(z, θ) = (z+τ+θǫ, θ+δ) (not to be confused with the base scheme
S). Here ǫ, δ are odd elements of Λ while τ is an even element satisfying
Imτrd > 0. This is a super elliptic curve whose underlying space Xrd is
the elliptic curve having parameter τrd. The corresponding (1|0) curve
X0 is the quotient of C
1|0 by the morphisms T0(z) = z+1, S0(z) = z+τ .
The dual curve Xˆ is easily computed as the quotient of Spec(Λ[u, ρ])
by Tˆ (u, ρ) = (u + 1, ρ) and Sˆ(u, ρ) = (u + τ + ǫδ + ρδ, ρ + ǫ), so that
duality exchanges ǫ with δ and changes τ to τ + ǫδ. X is projected if
ǫ = 0, injected if δ = 0, self-dual (a super Riemann surface) if ǫ = δ,
and split if ǫ = δ = 0. Only the self-dual case was considered in [12].
The superdiagonal ∆ is the quotient of C1|2 by T∆(z, θ, ρ) = (z+1, θ, ρ)
and S∆(z, θ, ρ) = (z + τ + θǫ, θ + δ, ρ+ ǫ).
We begin by determining the relevant cohomology of these curves. In
case ǫ = δ = 0, H0(X,OX) consists of functions A(z) + θα(z) where A
and α are constants in Λ, since any nonconstant term in A(z) or α(z) of
lowest degree in the generators of Λ would give a nonconstant function
on Xrd, which is impossible. For general ǫ, δ, H
0(X,OX) must be a
submodule of this [3]. Clearly, these functions are invariant under the
generator S iff δα = 0, so that H0(X,OX) = Λ|ann(δ). H1(X,OX) is
determined by Serre duality, since the dualizing Berezinian sheaf of X
is trivial, but a direct computation via group cohomology will provide
more information, so we sketch it here [12].
H1(X,OX) ∼= H1(G,O) ∼= H1((S),OT ), where (S) is the cyclic
subgroup generated by S, O are the functions on C1|1, and OT are
the T -invariant functions. Geometrically this says that the cohomol-
ogy of X can be computed from the trivial cohomology of the cylin-
der arising from the quotient by (T ), by identifying its ends with S.
A cocycle in H1((S),OT ) assigns to the generator S a T -invariant
function A(z) + θα(z), which is regarded as trivial if it can be writ-
ten as F (z, θ) − F (S(z, θ)) for some T -invariant function F (z, θ) =
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f(z) + θφ(z). This triviality condition implies
A(z) = f(z)− f(z + τ)− δφ(z + τ),
α(z) = φ(z)− φ(z + τ)− ǫf ′(z + τ)− ǫδφ′(z + τ).
(10.1)
Since all functions appearing are T -invariant, they have Fourier expan-
sions of the form A(z) =
∑
nAn exp 2πinz, etc. Rewriting (10.1) in
terms of the Fourier components An, αn shows that only the constant
modes A0, α0 can be nontrivial, in agreement with the expectation
from Serre duality. For constant functions, (10.1) immediately reduces
to A = −δφ. Thus we have H1(X,OX) = (Λ/δΛ)|Λ. The cohomol-
ogy of the dual curve Xˆ has the same form with ǫ replacing δ, namely
H1(Xˆ,OXˆ) = (Λ/ǫΛ)|Λ.
With the usual exponential sheaf sequence, implying Pic0(X) =
H1(X, (OX)0)/H1(X,Z), this has the following interpretation. Line
bundles of degree zero on X can be specified by multipliers which are
trivial for the cycle T and of the form exp(A+θα) for the cycle S, with
A and α even and odd elements of Λ respectively. Such a bundle is
trivial when α = 0 and A is a multiple of δ. For the dual curve, bundles
having α = 0 and A a multiple of ǫ are trivial. Recall that proposition
22 says that πˆ+π
∗ relates bundles having the same constant transition
functions on X and Xˆ . This gives an example of a class in H1(X,Λ∗)
defining the trivial bundle on X and a nontrivial bundle on Xˆ . The
existence of such classes was pointed out in [11].
Our computation also allows us to determine which bundles in Pic0(X)
admit flat connections, by finding the image ofH1(X,Λ) inH1(X,OX).
A cocycle for H1(G,Λ) assigns elements of Λ to the generators of G,
say T 7→ −n, S 7→ m. (The notation reflects the fact that this com-
putation also determines the image of H1(X,Z).) To compare with our
presentation of H1(G,O), we subtract a trivial cocycle to set n = 0,
namely F (z, θ) = nz. The result is S 7→ (m+ nτ) + θnǫ. That is, the
bundles onX admitting flat connections have S-multipliers exp(A+θα)
with α a multiple of ǫ.
We can similarly compute the cohomology of ∆ in this example.
Global functions on ∆ have the formA+θα+ρβ+θρB with A,B, α, β ∈
Λ. We find that H0(∆,O∆) is the submodule of Λ2|Λ2 given by the
conditions δB = ǫB = 0, δα + ǫβ = 0. Cocycles for H1(∆,O∆) have
the same form, with the trivial ones generated by δΛ∪ǫΛ and multiples
of θǫ − ρδ. Thus, for example, bundles on X having multiplier expA
with A ∈ ǫΛ would be trivial on Xˆ and lift to trivial bundles on ∆;
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in addition bundles on X having multiplier exp θǫ and bundles on Xˆ
having multiplier exp ρδ lift to the same bundle on ∆.
To illustrate theorem 19 we determine the closed one-forms on X ;
these have the form ω = dz A+ dθB where A,B ∈ Λ and G-invariance
requires Aǫ = 0. (The form dz δ + dθ θǫ is also global, but not closed.)
Observe that H0(X,Ω1X,cl) ≃ H
0(Xˆ, BerO
Xˆ
) ≃ H0(Xˆ,OXˆ) as required
by corollary 18. Working through the proof to compute ÔωX we have
φ0 = 1− θB− θρA. Then the multiplier for ÔωX is (φ0 ◦ S)/φ0, namely
exp−δ(B + ρA), which does indeed belong to the image of H1(Xˆ,Λ).
In the case δ = 0 when X is injected, the transform of the trivial bundle
is still trivial, but not in general.
To illustrate the other theorems, specialize to the case of X pro-
jected, ǫ = 0. Then theorem 21 describes the transform of the pullback
to X of the trivial bundle with connection on X0. Since the closed
one-forms on X0 have the form ω = dz A, this is the special case B = 0
of the result just obtained: the transform has multiplier exp−δρA.
For theorem 20, begin with OωX where ω = dz A + dθ B and there
is no restriction on A,B in this projected situation. The image of ω
in Ω1X/X0,cl is dθ B and we have φ0 = 1 − θB. From the change in φ0
under S we find the multiplier exp−δB for the direct image bundle on
X0.
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